NON- VANISHING OF JACOBI POINCARE SERIES 



SOUMYA DAS 



Abstract. We prove that under suitable conditions, the Jacobi Poincare series of exponential 
type of integer weight and matrix index does not vanish identically. For classical Jacobi forms, 
we construct a basis consisting of the "first" few Poincare series and also give conditions both 
dependent and independent of the weight, which ensures non- vanishing of classical Jacobi Poincare 
series. Equality of certain Kloosterman-type sums is proved. Also, a result on the non-vanishing 
of Jacobi Poincare series is obtained when an odd prime divides the index. 



1. Introduction 

In [IT] R. A. Rankin has proved that the m-th Poincare series P^ of weight k, where k,m are 
positive integers, for the full modular group 5L(2,Z) is not identically zero for sufficiently large k 
and finitely many m depending on k. C. J. Mozzochi extended Rankin's result to integral weight 
modular forms for congruence subgroups in j9]. 

In this paper we prove similar results for higher degree Jacobi Poincare series defined on the full 
Jacobi group T J g = SL(2, Z) x (Z 9 x Z 9 ), where g is a positive integer and is referred to as the degree 
of the Jacobi group. The Jacobi group operates on % x C 9 and also on functions qb: H x C 9 — > C. 
We denote the latter action by |fc j7n . (See section [2] for the definitions.) 

Let k, g G Z, m a symmetric, positive-definite, half-integral (g x g) matrix. The vector space 
of Jacobi cusp forms of weight k, index m and degree g, denoted by J^mg * s defined to be the 
space of holomorphic functions qb: "H x C 9 — > C satisfying 0|fc )m 7 = (where 7 G T^) and having 
a Fourier expansion 

0(t, z) = c ( j ) (n,r)e(nT + rz) 

neN,reZ9,4n>m- 1 [r*] 

If g = 1, we denote by J™J. 

For n G N, r G Z 9 with An > m _1 [r*], let P^™ be the (n,r)-th Poincare series of weight k 
and index m (of exponential type) defined for k > g + 2 as in [3 J (see Section [2] for definition). 
It is well-known that the Poincare series -P^'™ (n £ Z, r G Z 9 ) span It is then natural to 

ask when such a Poincare series vanish identically or when it does not. We prove the following 
theorem, which gives a partial answer to the above question. 

Let D — det ( 2 r ? 2 r m ) and define k! := k - g/2 - 1. 



2000 Mathematics Subject Classification. Primary 11F50; Secondary 11F55. 
Key words and phrases. Jacobi forms, Poincare series, Kloosterman sums. 



2 



SOUMYA DAS 



Theorem 1.1. Let k be even when 2r = (mod Z 9 • 2m). Then there exist an integer k and a 
constant B > 3 log 2 such that for all k > ko (depending only on g), the Jacobi Poincare series 
Pn™ does not vanish identically for 



det {2m ) [ log log k! 




where a(g) 



We construct a basis of </^ p consisting of the "first" dim Poincare series (see Theorem 14.11 
in section H]). We also give conditions for non- vanishing of Poincare series independent of the 
weight for classical Jacobi forms (g = 1). 



Define M(x) : = exp {iggf } {x > 2, B 1 > log 2) as in [TT] . 



Theorem 1.2. Let g = 1. For D > we have F*J* ^ for 

M M) ao{D)D< ^ 

\ m J A 
where A = {2^1 A)l, A = ± (\ + 4 + i|) and a (£>) = E 1 - 

V67 2S 25/ d | D 

Finally following [11], we give conditional statements on the non- vanishing of Jacobi Poincare 
series, based on the relation of g-dimensional Kloosterman sums with corresponding 1-dimensional 
sums and identities involving them. 

Theorem 1.3. Let p be an odd prime, fi E N. Suppose p\(m,r), p\n. If P p ^p»r ^ then 
(1-1) either ' i ^ or P k jZZ^ ^ anrf P £'£ m ^ 



(Here p|m means p divides every entry of m; since 2m is a (g x g) matrix with integer entries 
and p is odd, this makes sense.) 

Remark 1.4. (1) In Section^ we first prove the trivial case where the Poincare series P^™ 
does not vanish when the ratio , ?E , ( , . = 2n — 2m _1 [ir*l ) fry which we measure the 

det (2m) \ act (2m) L 2 J y 3 

non-vanishing of Jacobi Poincare series, is O(k), but with explicit range of the weight k 
where this is valid. This follows from Proposition IJ.il for arbitrary g and also from Theo- 
4-l\ in the case g = 1 (recall that dim Jf^l ~ ^ ^ fc ( m +!) ^ j_ 



rem 



(2) Theorem \l.l\ therefore improves the trivial case mentioned in the previous remark. However, 
achieving the "order of k 2 ~ e (e > 0)" as in [11] in the case of Jacobi Poincare series using 
Rankin's methods seems difficult mainly because of the presence of the factor (c, D) instead 
of(c,D)z in the estimate of Kloosterman sums of degree g (even for small g, see section^). 
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(3) The condition that k be even when 2r = (mod Z 9 -2m) in Theorem \l.l\ is necessary, as the 
(n,r)-th Poincare series vanish when k is odd and 2r = (mod TL 9 ■ 2m). The restriction 
k' < de £p m } m Theorem li.il is natural since we know the result in the complement (see 
Proposition 1 3. 1\) . Same is true for the condition D > — in Theorem M ."A 

Acknowledgements. The author wishes to thank Prof. B. Ramakrishnan for going through the 
manuscript and for his support and encouragement. 



2. Notations and Preliminaries 
The Jacobi group Y J g operates on H X C 9 in the usual way by 

c dj ' (A '" ) ) ° (T ' z) = (^Tl' {CT + d) ' 1{z + Ar + "> 

Let k G Z, m a symmetric, positive-definite, half-integral (g x g) matrix. Then we have the 
action of T J g on functions : TL X C 3 — > C given by : 

<f>\k,mrf[r, z) := (cr + d)~ k e (-c(cr + d)~ l m[z + Ar + //] + m[A] + 2A*mz) (7 o (r, *)) . 

(Here A[B] = B l AB for matrices A,B of appropriate sizes, £?* is the transpose of the matrix B, 
e(z) := e 2mz , % is the upper half plane.) 

The vector space of Jacobi cusp forms of weight k, index m and degree g, denoted by J^ u ^ g is 
defined to be the space of holomorphic functions 0: H X C 9 — > C satisfying 0|fc, m 7 = and 
having a Fourier expansion 

0(r, z) = c^(ra,r)e(nr + r^;) 

neN,reZ9,4n>m- 1 [r ( ] 

For 11 6 N, r 6 Z 9 with 4n > m _1 [r'], let P^'™ be the (n,r)-th Poincare series of weight k and 
index m (of exponential type) defined for k > g + 2 by 

P*f(T,z):= J] e(nr + rz)| fc , m7 (r,^) reH^zeC 9 , 
7er/ >00 \r/ 



where 1^ H I I J " I , (0, /*) ] I n G Z, /i G Z 3 }> . 



It is well known that J^ u ^ g is finite dimensional and the family of Poincare series P^™ (n G N, 
r G Z 5 ) form a basis of J^mg- ^ n Lemma 1], S. Bocherer and W. Kohnen obtained the Fourier 
expansion of P^™ : 

Proposition 2.1. (1) The function P%p is in J^^ g - The Fourier expansion of the Poincare 
series is given by 
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P. 



k,m/ 



cXV,r')e(nV + r'z), 



where 



c k n f{n', r') = 5 m {n, r, n', r') + (-l) fc 5 m (n, r, n', -r') + 27rz fc det(2m)~ 1/2 ■ (D'/D) k / 2 ~^-^ 
^ ^ x (H mtC (n,r,n',r') + {-l) k H mfi (n, r, n', -r')) Jk-g/2-1 " " X ^ 

C>1 



det(2m) ■ c 



where D' = det ( **« ^ ) ; 5 m (n, r, n', r') :-- 



1 i/D = D',r = r' (mod Z 9 • 2m) 
otherwise , 



and H m)C (n, r, n', r') := c~ 9 / 2-1 e c ((m[x] + rx + n)y + n'y + r'x) e2 C (r'm~ 1 r t ) 

x(c),y(c)* 

where in the summation x (resp. y) run over a complete set of representatives for Z^ 9 ' 1 ) /cZ^ 9 ' 1 ) 
(resp. CL/cL)*), y denotes an inverse of y (mod c), e c (a) := e 2nm ^ c (a G Z), and Jk-g/2-1 
denotes the Bessel function of order k — g/2 — 1. 

(%) ((f), P*'™) = \k,m,D c <f>(n,r) , where c^(n, r) denotes the (n,r)-th Fourier coefficient of (p and 

Xk, m ,D = 2 ( 9 - 1 )( fc " 9 / 2 " 1 )- 9 • T{k - g/2 - 1) • 7T- fc+9 / 2+1 ■ (det m) fc " (9+3)/2 ■ ZT fc+9 / 2+1 
(here (, ) is the Petersson inner product on J™!^ g )■ 

From Proposition 12. 1[ we conclude that the Poincare series P%'™ is non-zero if and only if it's 
(n,r)-th Fourier coefficient c%™ is positive. So, it is enough to prove is non-zero. For 
convenience of notation we will drop the (k, m) in the calculations. 

Lemma 2.2. The Poincare series P^™ vanishes if k is odd and 2r = (mod Z 9 • 2m). 

Proof. In fact the (n,r)-th coefficient c(n,r) of a general Jacobi form of degree g is zero if k is 
odd when 2r = (mod Z 9 • 2m). This is an easy consequence of the transformation property of 
Jacobi forms. See for instance [5] for g — 1. □ 

From the Fourier expansion of P k '™ we see that in order to prove that it is non-zero, it is enough 
to prove \S{n, r)\ < ^- (noting that 2m is a positive-definite matrix with integer entries, hence 
det (2m) > 1), where 
(2.2) 

S(n,r) := det (2m) _1/2 ^ (H m>c (n,r,n,r) + (-l) k H m)C (n, r, n, -r)) Jk-g/2-1 ^ e ^2m) c ) 



NON- VANISHING OF JACOBI POINCARE SERIES 5 
We will need the following estimates. (See [14j,[15j and [3 J respectively for details): 

(2.3) (i) \J v [x)\ < min jl, f^-yy (~) j for x > and v>2. 

(2.4) (ii) \H m>c (n,r,n,±r)\ < 2^^ 2 ~ 1 (D,c), 

where u(c) is the number of distinct prime divisors of c, (D, c) = gcd(D, c). 

3. Proof of Theorem 11.11 

3.1. In this section we first obtain the following proposition which follows easily from trivial 
estimates of Bessel functions. 

Proposition 3.1. (1) Let k be even when 2r = (mod 7L 9 ■ 2m). Then there exists an 
integer k such that the (n,r)-th Poincare series P%'™ does not vanish identically 

k' 

for k>k and (n, r) G N x IP with D < det (2m) 

Tie 

If k > g + 3, then one can take fc = max [g + 4, [|] + 69) . 
(2) For all D < - det (2m) the Poincare series P%'™ does not vanish identically, whenever 
the condition is non-void and k > g + 3 if g >2 and k > 5 if g = 1. 

Lemma 3.2. The condition in Proposition Iff, if 2) is non-void for n < | + when g — 1. 

Proof. Suppose that D < -(2m) < |(2m). We have 2m(2n — |) < r 2 < 4mn. Noticing that there 
is a square in the interval [x, y] , (x, y G IR + ) when 2^fx + 1 < y — x, we need to have, 



, , , n 1, , 2m 1 (2m - 3) 2 

2 V 2m(2 "-3 ) + 1< -' oin< -, + -u^r- 

So, in the case g — 1 , the Poincare series does not vanish identically when k > 4 and n 
satisfies the condition of the lemma. □ 

Proof of Proposition lff.il In a straightforward manner, using estimates ( 12. 3 p and f)2.4p . we get 

\S(n,r)\ < r(fc 2 +1) (f) A Ej=^r> where S 1 := . Using this, and Corollary E31 the proof 

c 

follows. We omit the details. □ 

Corollary 3.3. If k > g + 3 ; then one can take ko = max (g + 4, [|] + 69) in Proposition ^. il 
f /./ denotes the greatest integer function) 



Proof. Examining the proof of Proposition 13. 1| we see that when k > g + 4 the series 



2 «(c) _ 



E^-T < C(2) 



2 



c 



using the trivial bound 2"^ < c. The rest follows by using Stirling's formula : 

'n\ n , 1.1 



V2im [-) e Xn , where < A n < , for n G N. 

V e/ 12n + 1 12n 
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□ 

3.2. Poincare series for small weights. For Re(s) > |(| — k + 2), using the 'Hecke trick', the 
Jacobi Poincare series is defined as in j3] 

P n™s( T i z)= Yl ( lex Irfp ) e ( nr + r2; )lfc-^( r ' z ) where r = u + iv en, z eC 9 , s EC. 

Then for k > | + 2, P^'^j G </fc^f and has the same Fourier properties as P*'™. We also consider 
conditions on it's non- vanishing in the following Proposition. 

Proposition 3.4. Under the hypotheses of Proposition [X71 there exists an integer C(m) , 



depending on m such that the Poincare series P^'^q doesnot vanish identically 
VA; G 



r + 71 \ k! 

max < C(m), - >, oo J and (ra, r) 6 N x Z 9 w£/i P < det (2m) 

Remark 3.5. Though Proposition ^. 1\ is applicable here, the above theorem accounts for 
(possibly) smaller values of k. 

Proof. This theorem again follows from the arguments of the proof of Proposition 13.11 Here we 
use the following estimate for Kloosterman sums of degree g (see [3j p. 508, 512]): 

H miC (n, r,n±r)< 2 aj(c) C - 1/2 (P, c), Vc > C{m) 

where C(m) is a constant depending on m. With the notation of Proposition 13. 1[ we have for 
some positive constant Ci(m), 

v 2gW_^j fS\ k ' v 2^(Ac) /r fc 

^ (n ' r)| - 2^ f(FTT) \2c) + ^ TW+V 

l<c<C(m) K ' V 7 c>C(m) V ' V 



r(fc' + i) \2c7 ^ rffc 7 + i) \2c 

l<c<C(m) v 7 v 7 c>C(m) v ' v 



2Ci(m) /gy'^p 2^) 



r(fc' + 1) V2/ ^ C fc ~(f+3)/2- 

The condition fc > precisely guarantees convergence of the series above. The rest of the proof 
is identical to that of Proposition 13.11 □ 

3.3. We now come to the main result of this section. 

Proof of Theorem \1.1\ . We use Rankin's method as in [llj. With S(n,r) as above, we need to 
prove \S(n, r)| < Define 

' V k! det (2m) V ; P \loglog2Pj 
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Define c (n,r,n,r) = H mtC (n,r,n,r) + (—l) k H m ^ c (n,r,n,—r). Then we have 
\S(n,r)\ < det (2m) 1 ^ 2 \Si(n, r)| + det (2m) _1 ' 2 1 62(71, r)|, where 

l^for)! = ^ |#± jC (n,r,7i,r)||J fe / 

l<c<Q* 

|5 2 (n,r)|= ^2\H± iC (n,r,n,r)\\J k > 

c>Q* 





We get after similar calculations as in (see also [9|) that 



\Si(n,r)\ < A 1 M(D)Q* g/2 ~ 1 £ 2 ^d|^ + 3a 2 | 

r)*g/ 2 f)*g/z 

,d V' 2 I ,d 



3 y det (2m) J g y det (2m) 



(3.1) <A 4 M(D) J ^ — / + A 5 M(£>) 



j^/fl/2+1/2 1 o V / fctg/2+1/3 



However, the other sum S^n, r) needs to be handled differently. We have 



(3.2) M < E ; ^V^ D , C )|*(^) 



c>fc'> _ 

. fc' 



- 1 j T(fc' + 1) 2^ c fc'- 9 /2 +2 Z^ c |Jfc 'l c .det(2m) J 



l <c<fc'Q* c>fc 

fe' / xg/2+2+5 



2M(£>) ^det(2m)y X ^ J_ Z ^det(2m); \- 1 

~ Q* k '-9/*-^ T(k' + 1) ,c 1+£ r(A/ + l) 4 



<c<k'Q* y ' c>k'< 

\ g/2+2+5 



^ a M(D) / ttD \ 9/2+1+e jd^yj 
J " fc /ff/2+3/2+e ^ det (2m),/ 1 k' k ' +1/2 



where aj, Aj are absolute constants, and < e, 5 < 1. Now for any # > 1, and a(g) = 3^2' we 
choose < e, 5 < \ and find that S\(n, r) and 5*2 (n, r) are small if we choose /c large. If g > 5, 
then we find that a better bound 01(g) = j- works. This completes the proof. 
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4. Explicit basis for J c k u ^ and proof of Theorem 11.21 

4.1. H. Petersson proved that the first i = dim Sk Poincare series Pf, ■ ■ • , Pj? is a basis for the 
space of cusp forms Sk for 5X(2,Z). We prove the corresponding result for Jacobi forms. The 
proof is based on the dimension formula given in j5]. 

Theorem 4.1. Let k > m + 12. Then we have the following classical basis for J^ m P i' 



;i) If k is even, |-P^ 4mV)M ] , fi = 0, 1, . . . , m ; A„ = 0, 1, . . . , dim S k 



Am 



:= Am 



Am 



(2) If k is odd, {pjoZlimX^} , fx = l,...,m-l ; A M = 0, 1, . . . , dim S-, 



Am 



1 where 



1 . 



Proof. We prove the Theorem for k even, the other case is analogous. The condition k > m + 12 
ensures dim S k +2^ > 



Am 

elliptic case (see [10], [12 



+ 1 (see [5, p. 103]). The proof follows Petersson's argument in the 
. Let d = dim J™ m v an d <f>i, ■ ■ ■ , 4>d be a orthonormal basis. We write 

4>j(r, z) = c j(D',r)el — r + rzj and 

D'>0,D' = -r 2 (mod 4m) 

d 

P D™+Am\^ = Kin,D,+AmX, ^ Cj(D „ + AlJlX^, fl)^ . 

3=1 

where fi and A M varies as in the statement of the Theorem. We get a d x d matrix indexed by 
pairs (£> M + 4toA m , A M ) and j. It suffices to prove the matrix is invertible. If not, let there be a 
linear relation 

d 

^^•c i (D M + 4mA M ,/i) =0, (&,...,&) ^ (0,...,0), for all (D M + 4mA M , /i). 
j'=i 

Claim : Considering the non-zero Jacobi form $ := X^=i£.7 < A?> we see that the Fourier 
coefficients c$(-D M + 4mA M , /i) (/i and A M as in the Theorem) are zero. This implies that D 2 ^ = 
for jj, — 0, . . . , to, (see [HI p. 32] for the definition of operators D 2 ^} which shows that $ = 0, a 
contradiction. 

Proof of claim : Let $ G J c k u m v ■ Then we have the following Fourier expansion of the modular 
form D 2u § of weight k + 2u, (cf. [5j p. 32], k even , v — 0, . . . , m) 

,.+s ~ < ( ^ ( ^ (k + 2u - u - 2)\ (-mnY r 2u - 2 »\ , \ „ 

(4.i) D^=A t ,^i y: e r* ( "'T 

n>0 \r:r 2 <Amn \0<^<u v ^ / / 

where, A v := (2ttz)~^ (fc+ ( ^~ 2 _j^ )! and q := e(r). 

Let £ be an a positive even integer. Let di := dim St. Since an elliptic cusp form 

/ = S^°=i a ( n ' /)? n °f weight £ is determined by the first di of it's Fourier coefficients 

a(l, /),..., a(c?£, /), looking at equation 14.11 we need to prove that c$(n v , r v ) = for all r v such 
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2 

that r 2 v < Amn v , < r v < m and all n v such that [ + 1 < n v < dk +2v [y = 0, . . . , m). From 

now on let I denote one of k + 2u, [y = 0, . . . , m) and for convenience, we drop the suffix v. To 

see this, first, if |r| > 2m in equation 14.11 we can consider — m < r' = r — 2mx < m for a suitable 

integer x and an n' > 1 such that Amn' — r' 2 = Amn — r 2 and use the fact that 

c$(n', r') = c$(n, r) and that n > n' > 1, so n' also satisfies the same upper bound as that of n 

(namely, [^—] + 1 < n' < di). We can finally reduce to the case < r < m since 

c$(n, r) = c$(n, — r) as £ is even. 

But any such n v can be written as n u = [^-] + 1 + \ v = D " + ^ v+u2 with < v < m and D v , \ v 
as in the statement of the theorem. This proves the claim. □ 

4.2. The Eichler-Zagier map for Jacobi forms of integral weight and index 1 denoted by 
Z\ : Jk,\ Mk-i/2 * s defined by 



Z, : £ c(D)e (^^r + rz\^ £ c(L>)e(L> 



r) 



D = -7- 2 (mod 4) 

where the Fourier coefficient c(D) does not depend on r. 



Let k be even. Following the notation in [7], let Pk-i,4,D ((— l) fe = 0, 1 (mod 4)) be the 
Poincare series in M fc l ^ 1 ^ 2 . The Fourier development of Pk-i,4,D is given below: 

Proposition 4.2 (Kohnen, |7j). 

^fc-i^M 7 ") = E 9n{t)e(tT), with 

f>l,(-l) fe_1 nEE0,l(4) 



(4-2) ^(t) = ~ 

L c>l 
ifere 5t.D is the Kronecker delta, and, 

(4.3) H c (t, D) = (1 - (-I)*"*,') (l + (1) ) 1 £ (y) (^) " V2 e 4c (M + DS~*) 

Definition 4.3. (i) Let w be an integer, c > 1 be even and u, v = 0, (— l) w (mod 4). Lei 
a G {1,2}. VFe define the following exponential sum, 

(4.4) e ac ( M ,^):=(i-(-iro- E (t)(t) M^ + ^t 1 ), 

1<<5<qc-1, (5,4c)=l \ ' \ / 

where b~5~ l = 1 (mod 4c). 

Lemma 4.4. Let w be an integer, c > 1 be even and u, v = 0, (— 1)"" (mod 4). 

1. i/ c (w, f ) = (1 + (— \Y+ V+C / 2 ^ H 2c (m, v ) Therefore, when c = 2 (mod 4), if c (^, t>) vanishes 
unless u, v have different pairity. 

2. Letc = (mod 4). Then H c {u, v) = (1 + (-l) u+t, )(l + e 4 (w - v)) M c (u, v). 
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Proof. The proofs are obtained by splitting the exponential sums into half of the modulus in the 
sums. 1. This is easily seen by splitting the exponential sum as follows: 

w+l/2 

5 J V 5' 



1<<5<4c-1 ,(5,4c)=l 

= E 

1<<5i<2c-1,(<5i,4c)=1 

+ E 

l<5i<2c-l,(5i,4c)=l 
= (1 + (_l)«+-+ c /2) 



4c \ (-A\ w+1/2 s _ x . 
-If-) e ic (u5 l + v5 1 ) 



4c 



5i + 2c/ V5i + 2c 



4 \ w+l/2 



e 4c (it(£i + 2c) + + 2c)) 



4c\ /-4 



uj+1/2 



J ( — J e 4c (u5i+t'5i x ) 



(4.5) = (1 + (-1)*+*+*/*) ^ 

1<5j<2c-1 ,(5i,4c)=l 

This gives 1. We omit the proof of 2, as it is on the same lines as that of 1. 



□ 



Definition 4.5. Let u,v,w 6 Z, c > 1. Define 



(4.6) 
(4.7) 



(0 «) := 1 (±) (^) ^ £ g) e c (u5 + ^) 



5(c)* 

M ^ MH i + (^E(t)(t 

<5(4c)* V 7 V 



w+l/2 



e 4c (t5 + D5- 1 ) 



Remark 4.6. In applications we will always use Lemma \j^J\ and the above definitions in the case 
w = k — 1, with k even. 

Definition 4.7. We denote by G(a, b, c) the Gauss sum defined by 

(4.8) G(a,b,c) := e c (an 2 + bn) where a,b,c<^7L. 

n (mod c) 

Proposition 4.8 (|2]). We have the following: 

1. G(a,b,CiC 2 ) = G(c 2 a,b,Ci) G(cia,b,c 2 ), where (cj, c 2 ) — 1. 

2. Let (a,c) = 1. 



(4.9) G(a,6,c) = < 



'ecv^(t)e c (-V(^ 2 ) i 


f c = 1 


(mod 2) , 


Aaip(a) = 1 (mod c 


2G(2a,6,§) 


fc = 2 


(mod 4) , 


6 = 1 (mod 2) 


< i, 


f c = 2 


(mod 4) , 


6 = 


(l + z)e a -iy5(f) i 


fc = 


(mod 4) , 


6 = 


^0 i 


f c= 


(mod 4) , 


6=1 (mod 2). 


c > 1 and even. TTien 


H hc (n. 


r, n', ±r') 


= H C (D',D). 



Proof. We distinguish 3 cases, for classes of c modulo 4. Let e<5 



1 if S = 1 (mod 4) , 
z if 5 = 3 (mod 4). 
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1. c = 1 (mod 2) 

We use the values of Gauss sums from table (14. 9 p in Proposition 14.81 
(4.10) H 1>c {n,r,n',r') 



(4.11) 

where 44 _1 = 1 (mod c) and the equality in the last line follows from p. 256, equation (37)]. 

2. c = 2 (mod 4) 

Let c = 2c', with d odd. From table (14. 9p . and Lemma 14. 4[ we see that 
Hi ;C (n, r, n', r') = = H C (D', D) if r and r' or equivalently D and D' have the same pairity. 
When they have opposite pairity, using the multiplicative property of Gauss sum in 
Proposition 14.81 and applying the formula from 14.91 we have: 

H hc (n, r, n, r') = 2cT 3/2 ^ G(2y, ry + r', d) e 2c! {ny + n'y)e Ad (rr') 

y(2c')* 

= 2c~ 3/2 e c /v / c 7 ^ ( -j J e c (-8 _1 y(n/ + r') 2 ) e 2c > {ny + n'y) e Ad (rr') 

y(2c')* ^ ' 

We make a change of variables y i— >• 2y + c' and find after simplification that the above sum, (in 
which y now varies over a reduced residue system modulo d and (2y + d)(2 ■ 4r l y + d) = 1 
(mod 2c'), 44- 1 = 1 (mod c')) : 

= -^£(f) e C ' (^ + 4- 3 ^)e 2 (n + n') 

y(c')* 

(4.12) = (1 + i)J%(D', D) Jf^D', 4~ 3 D) = (1 + i)J#s c i(D', D) = H C (D', D). 

where the equalities in the last line follows from [3, p. 256, equation (38)]. 

3. c = (mod 4) 

From table (14. 9p . and Lemma 14. 4} we see that i?i iC (n, r, n', r') = = H C (D', D) if r and r' or 
equivalently D and D' have opposite pairity. When they have the same pairity, again applying 



c 3/2 2jG(y, + r', c) e c (ny + n'y)e 2c {rr') 

y(c)* 

c~ 3/2 e c y/c ^2 (-) e c (-4 _1 ?/(r?/ + r') 2 n + y + n'y) e 2c (rr') 

j/(c)* 

6c (^y + 4~ a yi?) e 2 (DD f ) 

y(c)* 

2(1 + i)J% c (D',4- 2 D) = 2HJD',D), after simplification. 
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the formula from 14. 9[ we have the following: 

H 1;C (n, r, n', r') = c~ 3/2 }G(y, ry + r', c) e c (ny + n'y)e 2c {rr') 

y(c)* 

= c- 3 / 2 ^G(y,0,c) e^D'y + Dy) 



y(c)* 

[1 + i)c-V 2 



Yjv'^^fj e^D'y + Dy) 



(4.13) =AM C (D',D) = H C (D',D), 

where the equality in the last line follows from Lemma [4.4( 2) with w = k — 1 and the fact that 
D = D' (mod 4). □ 

Proposition 4.10. Z 1 maps P D , r G J^ p to ^ Pk-i,4,D £ 

Proof. First trivially we have, d~i(n,r,n', ±r') = 5d,d'- Therefore comparing the two Fourier 
developments and noting that k is even, we see that it is sufficient to prove for all c > 1 that 
Hi tC (n,r,n',±r') = const. ■ H C (D' , D). Combining 1, 2 and 3 from Proposition 14. 9\ we finally 
arrive at the conclusion that when k is even, 



(4.14) c n ^{n , r') = 3 gn{D') for all n, r, n 1 , r 



where c n ^ r (n',r') and gr>{D') are the coefficients on the Fourier expansions of the relevant 
Poincare series defined above. This completes the proof of Proposition 14.101 □ 

Proposition 4.11. There exist positive constants k$ and B, where B > 4 log2 ; such that, for all 
even k > k and all positive integers D < k 2 exp{— B log kj log log k} ; the Poincare series Pk-i,4,D 
and hence also the Poincare series P^ l r does not vanish identically. 

Proof. From the Fourier expansion of Pk-iA,D given in [7], we see that the proof is the same as in 
the case of integral weight Poincare series for congruence subgroups of SL(2, Z) given in [9]; so 
we omit it. □ 

Proof of Theorem U.£l . We write S(n,r) = Si(n,r) + S 2 (n,r), where 

S 1 (n,r)=t k nV2m- 1 / 2 ]T H± c (n,r,n,r)J k , f 7 ^) 

1<c<2L d \mcj 

— — m 

S 2 {n,r) = t k nV2m^ 2 V H± c (mr,n,r).J k , (—) 

' \ mc I 

m 

We use the following estimate of Bessel functions to estimate Si(n,r): \J u (r)\ < Ar~ 1 ^ 3 , where 
v > 0, r > 1 (cf. [HI Lemma 3.4], the constant C appearing in the Lemma can be computed to be 
the constant A in Theorem 11.21 using [13, p. 333].) 
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Si{n,r)\<—— > — J fe , 

1<C<2S v 7 

— — m 

2y / 2m 1 / 3 7 r 2 / 3 ,,(*D\ V (Ac) 

V 7 1< c <ZLD 

— — m 

2V2tt 2 / 3 , J-kD\ ^ , 

< _:,„ — M — > d 

' \ -JT7 / 



£)l/3 m l/6 



d| J D.d<^ 

1 ' m 



(4,5) < ?^!m (=2 ] ^ 



\S 2 (n,r)\ < 



3/2+2 



< 2V27T 3/2 /ttD\ 

~ T(k' + l)mV2 Vmcy 

2y / 27r 9 / 2 D 7 / 2 ^ 1_ 2y / 2V 3 / 2 D 7 / 2 

From the bound given in Theorem 11.21 it follows from estimates (I4.15P and ( I4.16P that S\ and S2 
are both less than | in absolute value. Finally, from the expression of the (n,r)-th Fourier 
coefficient of P^™ given in Proposition 12. 1[ we get the Theorem. □ 

5. Further results 
Recall the one dimensional Kloosterman sum for a positive integer c, 

c 

(5.1) S(r,m;c)= e c (rh + mh'), where hh! = 1 (mode) 

h=l 
(h,c)=l 

It is well known that (see [TU §3] for example) the following relation holds for a prime p : 

(5.2) S{rp'\ mp p ; c) = S(r, mp p+Pj ] c) + pS{rp p ~ 1 , mp p ~ l ; c/p), where p\c,p \ r,p \ m (p, \i > 1). 
Definition 5.1. We let 

(5.3) K m>c (n,r,n' ,r') = e c ((m[x]+rx + n)y + n'y + r'x) (x EZ 9 /cZ 9 ,r eZ 9 ) 

(5.4) = c 9/2+1 e 2c (-r'm~ V) 
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Lemma 5.2. Let p be a odd prime such that p\(c,m,r,r'), p \ n,p \ n' . Then the following 
identity holds : 

(5.5) 

K mp ^ c (jfn,p\p p n',r') = K mpP+P)C (p p+p n,p p+p r,n' ,r') + P 2 K mp „-i jC/p {jf- 1 n,p'"- 1 r,p p - 1 n' ,r' /p) 
Proof. The proof follows by noting that, 

(5.6) K m>c (n, r, n' , r') — e c (r'x) S(n', m[x] + rx + n; c) , 

x (mod c) 

from which the L.H.S. and the first term of the R.H.S. in (15. 5p are taken care of by summing 
both sides of the equation (15. 2 j) with appropriate arguments over x (mod c). For the last term, 
we split the summation in (15.61) (replacing (m,n,r,n'; c) by (p ll ^ 1 m,p fJ- ~ 1 n,p p ~ 1 r,p p ~ 1 n'; -) 
respectively) as i = -Xi + £2 , where Xi (resp.) x 2 range over Z 9 /pZ 9 (resp.) Z 9 /^Z 9 . We have 

e c (r'x) S ( K p p ~ 1 n\p^~ l {m[x\ + rx + n); c/p) 

x (mod c) 

= ^^e c [r'icjpxx + X2)) 5 {jf~ x n\p p ~ x {[c/px\ + X2fm{c/pxi + X2) + r[c/px\ + x 2 ) + n) ; c/p) 

Xl,X 2 



(r'c/pxi) ^e c/p (r'/px 2 ) S (p p 1 n',p p 1 (m[x 2 ] + rx 2 + n); c/p) 



X2 

= pK mp »-i )C/p (p p - l n, p p ~ l r, p p_1 n', r'/p), 
Therefore using (I5.2p the lemma follows. □ 

Proof of Theorem I l.tft : From Lemma [5.21 we easily deduce that under the conditions of the 
lemma, in particular, when p | c, 

H mp », c (p»n } p\p p n',r') = H mpP+ ^ c (p p+ »n,p p+ \n' ,r') 

(5.7) +p-% +1 H mp »-i 4 frtjTV^V,^ . 

In the case p \ c, we note that we have the equality from the definition, 

(5.8) H mp ,, c (p p n, jfr, p p n', r') = H mpP+P , c (p p+p n, p p+p r, n', r') 

We sum equation ( 15. 7ft over c > 1 such that p | c, equation ( 15. 8ft over all c > 1 and add them. 
Gathering all of above and noting that J^T^n^ * s ^ e same m a U the three sums (putting p — fi 
and n' — n,r' — p p r), we get positive constants ct\ and a 2 , such that 

c fc,^m {p p n,p p r) = ai c k ' p ^ m (p 2 ^n,p 2 ^r; n,p p r) + a 2 c k ^' lm (p^n^^r) 

(where we have used the notation c p k, m (n,r) := c k ' m (n,r;n,r) = c k,m (n,r)). This immediately 
implies ( 11.1ft and thus completes the proof of Theorem 11.31 □ 

Remark 5.3. The constants ai,a 2 in the above proof can be determined explicitly and may give 
a better result in the same vein as Theorem \3.J\ (see |llj ). 
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